Abstract. Gromov has defined a notion of simplicial volume: it is a topological invariant for compact manifolds which is closely related to the fundamental group. We investigate here the relevance of this notion in the realm of complex varieties.
I. Introduction 1. Statement of the results. The simplicial volume of a manifold X measures the smallest number of simplices necessary to express the fundamental homology class of X; it is denoted by X . It has been defined and studied by Gromov in [Gro] who shows, among other things, that X vanishes if Π 1 (X) is amenable. On the other hand, if X admits a metric of negative sectional curvature, then X = 0. In the present paper we ask the following question:
If X is a compact complex manifold with nonzero simplicial volume, what consequences can we derive in terms of its complex structure?
The general theory of [Gro] tells us that if f : X → Y is a degree 1 map which induces an isomorphism between the fundamental groups, then X = Y . So the simplicial volume is a bimeromorphic invariant between smooth complex manifolds.
Remark. The simplicial volume of singular complex varieties can also be defined (see [Gro] ), but it is not a bimeromorphic invariant.
Before stating the results we need to recall the following.
Notation. If A is a subset of a topological space B, we will denote by i * the natural map Π 1 (A) → Π 1 (B) induced by the inclusion i : A ⊂ B.
Definition 1 ( [Gro] ). A subset Y ⊂ X of a topological space X is called amenable in X if for every path-connected component Y of Y , the image of the inclusion homomorphism i * : Π 1 (Y ) → Π 1 (X) is an amenable subgroup of Π 1 (X).
We will prove the following: Theorem 1. Let X be a compact complex manifold, let S be a (possibly singular ) projective variety, and let (D s ) s∈S be an analytic family of divisors such that :
Remark. The D s 's are not a priori supposed to be smooth, so "analytic family" should be understood, for instance, in the space of cycles sense of the words (see [Ba] for instance).
In the same range of ideas, it is not difficult to derive from the classification theory of surfaces and threefolds the Proposition 1. Let X be a compact Kähler manifold of complex dimension n, n ≤ 3, such that X = 0. Then: 
2.
A motivation for Theorem 1. Theorem 1 can be seen as a "Lefschetz type" result. Lefschetz's theorem tells us, among other things, that if a projective manifold X has a simply-connected smooth hyperplane section, then X is itself simplyconnected. Now relax the assumption on D and only assume that D belongs to an analytic family of dimension ≥ 1. Then Theorem 1 tells us then that, although X may itself not be simply connected any more, at least there is one Π 1 -related invariant of X, namely the simplicial volume of X, which vanishes.
II. Preliminaries to the proof of Theorem 1
We need to recall some facts which we will use in our proof of Theorem 1.
1. Some dimension theory. We will need the following fact of dimension theory (it is actually the definition of the dimension of a topological space).
Fact 1 ([Hu-Wa])
. Let X be a CW-complex of dimension n. Then there exists a covering of X by a family of open contractible sets (U i ), such that the intersection of any family of n + 1 different U i 's is empty.
Simplicial volume and bounded cohomology.
The reference for what follows is [Gro] . Let X be a topological space. A singular p-cocycle c on X is said to be bounded if there exists a positive number A such that for every p-simplex σ on X we have
The bounded cocycles form a complex C * (X, R), the differential being the usual differential in singular cohomology; the homology H * (X, R) of this complex is called the bounded cohomology of X.
If H * (X, R) denotes the usual singular cohomology of X, there is an obvious natural map
A usual singular cohomology class is said to be bounded if it can be represented by a bounded cocycle; in other words if it belongs to the image of the mapping
Gromov shows (using the Hahn-Banach theorem) that an orientable compact manifold has nonzero simplicial volume if and only if its fundamental orientation class is bounded.
3. Bounded cohomology and amenability. Gromov shows that a topological space with an amenable fundamental group has trivial bounded cohomology. He then goes on to prove the following finer fact. 
has zero image.
Gromov gets from Theorem 2 the following corollary. 
Theorem 3 is derived from Theorem 2 via the above-mentioned Fact 1. Indeed, let (U i ) be a covering of Y such that the intersection of any family of p different U i 's is empty. Then (p −1 (U i )) is a covering of X satisfying the assumption of Theorem 2; and Theorem 3 follows.
We are now ready for the 4. Sketch of the proof of Theorem 1. It is analogous to the proof of Theorem 3 which we have just recalled. Namely, we will find a map from X to something of smaller dimension (actually a projective curve C), with amenable fibres. It will not be as simple as with Theorem 3: first, to get the map from X to C, we have to change our initial space X and replace it by another space which we denote by Γ. And secondly we will not be able to get all the preimages of this map to be amenable: they will be amenable except for a finite number of them. III. Proof of Theorem 1
Step 1. Map X onto a projective curve C with many amenable fibres.
Actually, as we said, we won't map X itself onto C but another space Γ closely related to X and which we now describe.
Let C be a (possibly singular) irreducible projective curve contained in S and containing s 0 . We consider the graph Γ of C, namely,
We denote by n the complex dimension of X.
Lemma 1. If the map
is zero, then the map
is also zero.
Proof. Let p 1 : Γ → X be the first projection. We claim that the map
is injective. Indeed, let Γ be a smooth model for Γ; then we have a chain of holomorphic maps Γ → Γ → X which are almost everywhere one-to-one. Γ and X are smooth compact 2n-dimensional manifolds and the composed map Γ → X is of degree one, so the composed map
is injective, so (p 1 ) * is also injective.
The lemma now follows from the commutative diagram
We consider now the second projection p : Γ → C. It is a holomorphic map; we are going to show (Lemmas 2 and 3) that only its singular values, say s 0 , s 1 , . . . , s n , can have a preimage which is not amenable in Γ.
Lemma 2. There exists a finite subset
is a locally trivial smooth fibration.
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If Γ is smooth, this is elementary (we take the s i 's to be the singular values of p). In the general case, we consider a finite Whitney stratification ([Go-McPh] , pp. 37 and 43) of Γ and we take the s i 's to be (i) the images of the strata which are reduced to a point, (ii) the singular values of the restriction of p to the various strata. Then Lemma 2 follows from Thom's first isotopy lemma (see [Go-McPh] , I.1.15, and the references there).
Proof. We know ( [Lj] ) that p −1 (s 0 ) admits a tubular neighbourhood T 0 in Γ. So we first consider the case of an element u 0 of U such that
is obviously amenable in Γ since its inclusion in Γ factors through its inclusion in T 0 ; and T 0 is amenable in Γ.
If u is a general element of U , we can parallel transport (w.r.t. the fibration
Step 2. Construct the desired open cover (U i ) such that every family of 2n U i 's has empty intersection.
Notation. We consider a distance d on C; if x is a point in C and r is a positive real number, we denote by B(x, r) the open ball in C centered in x of radius r.
We are going to define three families of open sets in Γ which, put together, will cover Γ.
First family. It covers a big open set of regular points (for p) in Γ. We choose a positive, small enough real number ε; removing a ball of radius ε around each singular value s k , we consider the open set in C, V = C\ B(s k , ε). V is of dimension 2, so, using Fact 1, we cover V with a family of contractible open sets (V i ) such that every subfamily of 3 different V i 's has empty intersection. Pulling back the V i 's we get a cover of p −1 (V ) by the p −1 (V i )'s with the following properties:
(i) the p −1 (V i )'s are amenable (Lemma 2) and (ii) the intersection of any subfamily of 3 different p −1 (V i )'s is empty.
Second family. It covers a neighbourhood of the singular fibres. For each singular value s k , we consider a small enough tubular neighbourhood T k of the singular fibre p −1 (s k ) (small enough means here that 
Proof. Following Lemma 2, W k is a fibration via p over the annulus
The fibre is amenable in Γ; the fundamental group of the base (the annulus) is Z, hence it is amenable. So Lemma 3 follows from the exact homotopy sequence of a fibration (we recall that an extension of amenable groups is amenable).
We can now conclude. It is clear that the family F of open sets formed by the reunion of the three families described above, namely, the p −1 (V i )'s, the V k,j 's, and the W k 's cover Γ (see Figure 1) . And we leave it to the reader to check that every intersection of 2n different elements of F is empty.
IV. Proof of Proposition 2
If necessary we subtract the fixed component of L and/or blow up a codimension 2 base locus. So we can assume that there is a smooth fibration r : X → CP 1 , the fibres of which are the elements of L. We recall the following criterion.
Theorem 4 ( [Gr] ). Let M be a closed smooth manifold, and let
We identify CP 1 with C ∪ {∞} and define the map
where ρ is of degree 2; we are going to lift it to a degree 2 map ρ : X → X.
For each z ∈ CP 1 , we define a path γ z in CP 1 :
for z = ∞ γ z (t) = (1 − t)z + tz 2 ,
Next, we endow X with a Riemannian metric; this gives us a connection (i.e., a distribution of horizontal spaces in the tangent bundle). So, for every x ∈ X, we get a unique horizontal path γ x which projects via r to γ r(x) and such that γ x (0) = x. We put ρ(x) = γ x (1).
It is clear that ρ is orientation preserving; hence the degree of ρ is equal to the set-theoretic number of preimages of a generic periodic x in X. The restriction of ρ to a fibre
is obviously of degree 1 (it is a homotopy equivalence). So deg ρ = 2 (each point of r −1 (z 2 ) is the target of one point in r −1 (z) and one point in r −1 (−z)). Q.E.D.
